Introduction {#Sec1}
============

In the sixties, Büchi was the first to study acceptance of infinite words by finite automata with the now called Büchi acceptance condition, in order to prove the decidability of the monadic second order theory of one successor over the integers. Since then there has been a lot of work on regular $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$-languages, accepted by Büchi automata, or by some other variants of automata over infinite words, like Muller or Rabin automata, see \[[@CR27], [@CR36], [@CR37]\]. The acceptance of infinite words by other finite machines, like pushdown automata, counter automata, Petri nets, Turing machines, $\documentclass[12pt]{minimal}
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                \begin{document}$$\ldots $$\end{document}$, with various acceptance conditions, has also been studied, see \[[@CR3], [@CR8], [@CR35], [@CR36], [@CR38]\].

The Cantor topology is a very natural topology on the set $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma $$\end{document}$ which is induced by the prefix metric. Then a way to study the complexity of languages of infinite words accepted by finite machines is to study their topological complexity and firstly to locate them with regard to the Borel and the projective hierarchies \[[@CR8], [@CR24], [@CR36], [@CR37]\].
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                \begin{document}$$\mathbf {\Pi }^0_2$$\end{document}$-set. On the other hand, it follows from Mac Naughton's Theorem that every regular $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-language is accepted by a deterministic Muller automaton, and thus is a boolean combination of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages accepted by deterministic Büchi automata. Therefore every regular $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {\Delta }^0_3$$\end{document}$-set. Moreover Landweber proved that the Borel complexity of any $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-language accepted by a Muller or Büchi automaton can be effectively computed (see \[[@CR23], [@CR27]\]). In a similar way, every $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-language accepted by a deterministic Muller Turing machine, and thus also by any Muller deterministic finite machine is a $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {\Delta }^0_3$$\end{document}$-set, \[[@CR8], [@CR36]\].

On the other hand, the Wadge hierarchy is a great refinement of the Borel hierarchy, firstly defined by Wadge via reductions by continuous functions \[[@CR39]\]. The trace of the Wadge hierarchy on the $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-regular languages is called the Wagner hierarchy. It has been completely described by Klaus Wagner in \[[@CR40]\]. Its length is the ordinal $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega ^\omega $$\end{document}$. Wagner gave an automaton-like characterization of this hierarchy, based on the notions of chain and superchain, together with an algorithm to compute the Wadge (Wagner) degree of any given $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-regular language, see also \[[@CR29], [@CR31]--[@CR33]\].

The Wadge hierarchy of deterministic context-free $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages was determined by Duparc in \[[@CR5], [@CR6]\]. Its length is the ordinal $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega ^{(\omega ^2)}$$\end{document}$. We do not know yet whether this hierarchy is decidable or not. But the Wadge hierarchy induced by deterministic partially blind 1-counter automata was described in an effective way in \[[@CR10]\], and other partial decidability results were obtained in \[[@CR11]\]. Then, it was proved in \[[@CR13]\] that the Wadge hierarchy of 1-counter or context-free $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$-languages and the Wadge hierarchy of effective analytic sets (which form the class of all the $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages accepted by non-deterministic Turing machines) are equal. Moreover similar results hold about the Wadge hierarchy of infinitary rational relations accepted by 2-tape Büchi automata, \[[@CR14]\]. Finally, the Wadge hierarchy of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages of deterministic Turing machines was determined by Selivanov in \[[@CR30]\].

We consider in this paper acceptance of infinite words by Petri nets. Petri nets are used for the description of distributed systems \[[@CR9], [@CR20], [@CR28]\], and form a very important mathematical model in Concurrency Theory that has been developed for general concurrent computation. In the context of Automata Theory, Petri nets may be defined as (partially) blind multicounter automata, as explained in \[[@CR8], [@CR19], [@CR38]\]. First, one can distinguish between the places of a given Petri net by dividing them into the bounded ones (the number of tokens in such a place at any time is uniformly bounded) and the unbounded ones. Then each unbounded place may be seen as a partially blind counter, and the tokens in the bounded places determine the state of the partially blind multicounter automaton that is equivalent to the initial Petri net. The transitions of the Petri net may then be seen as the finite control of the partially blind multicounter automaton and the labels of these transitions are then the input symbols. The infinite behavior of Petri nets was first studied by Valk \[[@CR38]\] and by Carstensen in the case of deterministic Petri nets \[[@CR1]\].

On one side, the topological complexity of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages of *deterministic* Petri nets is completely determined. They are $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {\Delta }^0_3$$\end{document}$-sets and their Wadge hierarchy has been determined by Duparc, Finkel and Ressayre in \[[@CR7]\]; its length is the ordinal $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega ^{\omega ^2}$$\end{document}$. On the other side, Finkel and Skrzypczak proved in \[[@CR18]\] that there exist $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {\Delta }_3^0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$-languages accepted by *non-deterministic* one-partially-blind-counter Büchi automata. The existence of a $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-language accepted by a Petri net was independently proved by Finkel and Skrzypczak in \[[@CR17], [@CR34]\]. Moreover, Skrzypczak has proved in \[[@CR34]\] that one blind counter is sufficient. In this paper, we fill the gap between $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages accepted by (non-blind) one-counter Büchi automata have the same topological complexity as $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages of Turing machines, \[[@CR13]\], but the non-blindness of the counter, i.e. the ability to use the zero-test of the counter, was essential in the proof of this result.

Using a simulation of a given real time 1-counter (with zero-test) Büchi automaton $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {B}$$\end{document}$ reading some special codes *h*(*x*) of the words *x*, we prove here that $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages of *non-deterministic* Petri nets and effective analytic sets have the same topological complexity: the Borel and Wadge hierarchies of the class of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages of Petri nets are equal to the Borel and Wadge hierarchies of the class of effective analytic sets. In particular, for each non-null recursive ordinal $\documentclass[12pt]{minimal}
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Notice that the topological equivalences we get in this paper are different from the language theoretical equivalences studied by Carstensen and Valk.

We also show that it is highly undecidable to determine the topological complexity of a Petri net $\documentclass[12pt]{minimal}
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The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we review the notions of (blind) counter automata and $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-languages. In Sect. [3](#Sec3){ref-type="sec"} we recall notions of topology, and the Borel and Wadge hierarchies on a Cantor space. We prove our main results in Sect. [4](#Sec6){ref-type="sec"}. We show that the topological complexity of a Petri net $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPi _2^1$$\end{document}$-complete in Sect. [6](#Sec8){ref-type="sec"}. Concluding remarks are given in Sect. [7](#Sec9){ref-type="sec"}.

Counter Automata {#Sec2}
================

We assume the reader to be familiar with the theory of formal ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$-)languages \[[@CR27], [@CR36]\]. We recall the usual notations of formal language theory.
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The *first infinite ordinal* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$. An $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$-*word* over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$ is an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$-sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Hierarchies in a Cantor Space {#Sec3}
=============================

Borel Hierarchy and Analytic Sets {#Sec4}
---------------------------------
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### Definition 3 {#FPar3}
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We now define completeness with regard to reduction by continuous functions. For a countable ordinal $\documentclass[12pt]{minimal}
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Wadge Hierarchy {#Sec5}
---------------

We now introduce the Wadge hierarchy, which is a great refinement of the Borel hierarchy defined via reductions by continuous functions, \[[@CR4], [@CR39]\].

### Definition 5 {#FPar5}
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We can now define the *Wadge class* of a set *L*:

### Definition 6 {#FPar6}
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There is a close relationship between Wadge reducibility and games which we now introduce.
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Martin's Theorem states that every Gale-Stewart game *G*(*X*) (see \[[@CR21]\]), with *X* a Borel set, is determined and this implies the following:
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==================================================================================

We are firstly going to prove the following result.

Theorem 10 {#FPar10}
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We now state the following lemma.
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We now wish to return to the proof of the above Theorem [10](#FPar10){ref-type="sec"} stating that the Wadge hierarchy of the class **r**-$\documentclass[12pt]{minimal}
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To prove this result we firstly consider non self dual Borel sets. We recall the definition of Wadge degrees introduced by Duparc in \[[@CR4]\] and which is a slight modification of the previous one.
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Wadge and Duparc used the operation of sum of sets of infinite words which has as counterpart the ordinal addition over Wadge degrees.

Definition 16 {#FPar16}
-------------
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This operation is closely related to the *ordinal sum* as it is stated in the following:

Theorem 17 {#FPar17}
----------
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The following lemma was proved in \[[@CR13]\]. Notice that below the emptyset is considered as an $\documentclass[12pt]{minimal}
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Lemma 18 {#FPar18}
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We can now prove the following lemma.

Lemma 19 {#FPar19}
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We have only considered Borel sets in the above Theorem [10](#FPar10){ref-type="sec"}. However we know that there also exist some non-Borel $\documentclass[12pt]{minimal}
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By Lemma 4.7 of \[[@CR16]\] the conclusion of the above Lemma [18](#FPar18){ref-type="sec"} is also true if *L* is assumed to be an analytic but non-Borel set.

Lemma 21 {#FPar21}
--------
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Next the proof of the above Lemma [19](#FPar19){ref-type="sec"} can be adapted to the case of an analytic but non-Borel set, and we can state the following result.

Theorem 22 {#FPar22}
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**Proof.** It is very similar to the proof of the above Lemma [19](#FPar19){ref-type="sec"}, using Lemma [21](#FPar21){ref-type="sec"} instead of the above Lemma [18](#FPar18){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Theorem 23 {#FPar23}
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High Undecidability of Topological Properties {#Sec7}
=============================================
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Theorem 24 {#FPar24}
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Using the previous constructions we can now easily show the following result, where $\documentclass[12pt]{minimal}
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Theorem 25 {#FPar25}
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**Proof.** It follows from the fact that one can easily get an injective recursive function $\documentclass[12pt]{minimal}
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High Undecidability of the Equivalence and the Inclusion Problems {#Sec8}
=================================================================

We now add a result obtained from our previous constructions and which is important for verification purposes.

Theorem 26 {#FPar26}
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Concluding Remarks {#Sec9}
==================

We have proved that the Wadge hierarchy of Petri nets $\documentclass[12pt]{minimal}
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It remains open for further study to determine the Borel and Wadge hierarchies of $\documentclass[12pt]{minimal}
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